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Abstrat
Let Σ be a ompat Riemann surfae and D1, . . . ,Dn a nite number
of pairwise disjoint losed disks of Σ. We prove the existene of a proper
harmoni map into the Eulidean plane from a hyperboli domain Ω ontaining
Σ\ ∪nj=1 Dj and of its topologial type. Here, Ω an be hosen as lose as
neessary to Σ\∪nj=1Dj . In partiular, we obtain proper harmoni maps from
the unit disk into the Eulidean plane, whih disproves a onjeture posed by
R. Shoen and S.T. Yau.
1 Introdution.
It is lassially known that there is no proper holomorphi map from the unit disk
into the omplex plane. To this respet, in the more general lass of harmoni maps,
E. Heinz proved, in 1952, there is no harmoni dieomorphism from the unit disk
onto the Eulidean plane R
2
[H℄. However, the problem of existene of a proper
harmoni map from the unit disk into the Eulidean plane remained open. Thus, in
1985, R. Shoen and S.T. Yau onjetured the non-existene of these maps [SY℄.
We solve that problem and, in fat, prove
Theorem 1. Let Σ be a ompat Riemann surfae and D1, . . . , Dn a family of
pairwise disjoint losed disks of Σ. Consider n losed disks D′1, . . . , D
′
n suh that
D′j ⊆ intDj , j = 1, . . . , n, then there exists a proper harmoni map
ϕ : Ω −→ R2,
1
where Ω is a domain of the topologial type of Σ\
(
∪nj=1Dj
)
satisfying
Σ\
(
∪nj=1Dj
)
⊆ Ω ⊆ Σ\
(
∪nj=1D
′
j
)
. (1)
This result provides the existene of proper harmoni maps from a hyperboli
Riemann surfae of arbitrary nite topology into the Eulidean plane. In partiular,
when Σ is the Riemann sphere and n = 1, Theorem 1 gives us the existene of proper
harmoni maps from the unit disk, and hene settles negatively the onjeture above.
At this point we observe that, in general, we annot x the onformal struture
of the domain Ω where the harmoni map is dened. However, due to the ontrol
of its topologial type, this an be done when Σ is the Riemann sphere. Thus, one
obtains
Corollary 1. Let Ω ⊆ C be any n-onneted domain. Then there exist proper
harmoni maps from Ω into the Eulidean plane.
The paper is organized as follows. In Setion 2 we establish the notation that will
be used throughout this work. In addition, we prove that there is no proper harmoni
map from a Riemann surfae of hyperboli type into a omplete at surfae non-
isometri to the Eulidean plane. This fat also motivates our study and shows that
the onjeture is true when the target spae is a omplete at surfae non-isometri
to R
2
.
We start Setion 3 by proving Theorem 1, whih gives the existene of proper
harmoni maps from hyperboli Riemann surfaes into the Eulidean plane. In its
proof, we show a slightly more general result asserting that, under ertain onditions,
a harmoni map an be approximated by proper harmoni maps in any ompat set
of its domain. Moreover, as a onsequene of the Theorem above we also prove
Corollary 1.
Finally, in Setion 4 we prove the following Lemma, whih is the basi tool in
order to prove the previous results.
Lemma 1. Let Σ˜ be a ompat Riemann surfae and K0 ⊆ Σ˜ a ompat set. Con-
sider two losed disks D1, D2 of Σ = Σ˜\intK suh that D1 ⊆ intD2 and K0 ∩ D2
is empty. Let F : Σ\intD1 −→ R
2
be a harmoni map and r, R two positive real
numbers suh that
r < |F (p)| < R, for all p ∈ D2\intD1.
Given three positive real numbers ε1, ε2, ε3, there exist a losed disk D and a har-
moni map G : Σ\intD −→ R2 satisfying:
1. D1 ⊆ intD ⊆ D ⊆ intD2,
2
2. |F (p)−G(p)| < ε1, for all p ∈ Σ\intD2,
3. R− ε2 < |G(p)| < R, for any p ∈ ∂D,
4. r − ε3 < |G(p)|, for eah p ∈ D2\intD.
This lemma provides, starting from a harmoni map F , a new harmoni map
G dened in a slightly smaller domain. In addition, G an be hosen so that it
is very lose to F in a xed ompat domain Σ\intD2 and the norm of G an be
made as large as needed on the boundary of its domain and is well-ontrolled outside
Σ\intD2.
This is the key step in order to onstrut a suitable sequene of harmoni maps
whose limit will prove Theorem 1. In the proof of Lemma 1 we shall employ some
ideas used in the study of dierent topis suh as minimal surfaes (see, for instane,
[M℄, [AFM℄) or holomorphi embeddings from Riemann surfaes into the omplex
2-plane C
2
(see [W℄).
2 Preliminaries.
Let us onsider the Eulidean plane R
2
with linear oordinates (x, y) endowed with
its usual indued metri dx2 + dy2.
Let Σ be a Riemann surfae and F : Σ −→ R2 a map. Given an orthonormal
basis S = {e1, e2}, we shall denote
F(1,S) := 〈F, e1〉 and F(2,S) := 〈F, e2〉.
Thus, F is a harmoni map into R2 if and only if F(j,S) : Σ −→ R are harmoni
funtions, j = 1, 2.
In our onstrution proess we shall use that, given a harmoni map F : Σ −→
R
2
, a harmoni funtion h : Σ −→ R and an orthonormal basis S = {e1, e2}, then
the new map G : Σ −→ R2 dened in loal oordinates as
G(1,S) = F(1,S) + h and G(2,S) = F(2,S),
is also harmoni. This new harmoni map G an be onsidered as a deformation of
F in the diretion of e1.
On the other hand, we shall introdue the following notation for subsets of a
Riemann surfae Σ:
• Given K ⊆ Σ, we denote by ΣK the set Σ\int(K), where int stands for the
interior of a set.
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• LetD1, D2 be two losed disks in Σ. We shall denote D1 < D2 ifD2 ⊆ int(D1),
or equivalently, if ΣD1 ⊆ int(ΣD2).
We nish this Setion by observing that if Σ is a Riemann surfae of hyperboli
type and M is a omplete at surfae whih is not isometri to the Eulidean plane,
then there exists no proper harmoni map from Σ into M . This fat shows a lear
dierene between R
2
and the rest of omplete at surfaes.
Proposition 1. Let Σ be a Riemann surfae of hyperboli type and M a omplete
at surfae non-isometri to the Eulidean plane. Then there is no proper harmoni
map from Σ into M .
Proof. Sine M is a omplete at surfae non-isometri to the Eulidean plane then
M must be a ylinder, a Moebius band, a torus or a Klein bottle. On the other
hand, assume that ϕ is a proper harmoni map from Σ intoM . As Σ is not ompat
and ϕ is proper then M annot be ompat. That is, M must be a ylinder or a
Moebius band.
Thus, ifM is a omplete at ylinder then M is isometri to the Eulidean plane
R
2
under the following identiation:
(x1, y1), (x2, y2) are identied if x1 = x2 + k T, y1 = y2,
for a xed real number T > 0, and k ∈ Z.
Analogously, if M is a omplete at Moebius band then M is isometri to the
Eulidean plane R
2
under the identiation:
(x1, y1), (x2, y2) are related if x1 = x2 + k T, y1 = (−1)
ky2,
for a xed real number T > 0, and k ∈ Z.
In both ases, let us onsider the funtion h : M −→ R given by the distane
from a point to the ompat geodesi R × {0} on M , that is, h(x, y) = |y|. Then
Σ0 = (h◦ϕ)
−1(0) is ompat and h◦ϕ : Σ −→ R is a proper funtion whih is smooth
and harmoni on Σ\Σ0. Thus, using [G, Corollary 7.7℄, Σ would be paraboli.
Therefore, there is no proper harmoni map from a hyperboli Riemann surfae
into M .
3 Existene of proper harmoni maps
This Setion is devoted to the onstrution of proper harmoni maps from hyperboli
domains of a ompat Riemann surfae Σ into the Eulidean plane and the study
of their properties.
4
Thus, we start by proving our main result about the existene of proper harmoni
maps from hyperboli Riemann surfaes into R
2
. This proof fundamentally relies
on Lemma 1 whih will be showed in Setion 4.
Proof of Theorem 1. Throughout this proof we show a more general result whih
will be used for our density result in Corollary 2. That is, we prove that given any
harmoni map
F : Σ\
(
∪nj=1int(D
′
j)
)
−→ R2
and a real number δ0 > 0, there exist an open domain Ω and a proper harmoni
map ϕ : Ω −→ R2 suh that
|F (p)− ϕ(p)| < δ0, for all p ∈ Σ\
(
∪nj=1int(Dj)
)
, (2)
where Ω is of the topologial type of Σ\
(
∪nj=1Dj
)
and satises (1).
For that, we shall prove that xed j0, there exist a domain Ωj0 and a proper
harmoni map ϕj0 : Ωj0 −→ R
2
suh that∣∣∣∣ 1n F (p)− ϕj0(p)
∣∣∣∣ < δ := δ0n , for all p ∈ Σ\ (∪nj=1int(Dj)) , (3)
where
Σ\
(
int(Dj0) ∪ (∪j 6=j0int(D
′
j))
)
⊆ Ωj0 ⊆ Σ\
(
∪nj=1int(D
′
j)
)
and Ωj0 ∩ int(Dj0) is an open annulus.
In suh a ase, the new harmoni map ϕ = ϕ1 + . . . + ϕn is well dened in the
open domain Ω = ∩nj=1Ωj and proper. Therefore, ϕ proves the Theorem and also
inequality (2).
Up to a translation, we an assume the origin is not ontained in the ompat
set F (∪nj=1Dj\ ∪
n
j=1 int(D
′
j)). Thus, one j0 is xed, there exist two positive real
numbers r0, R0 suh that
r0 <
1
n
|F (p)| < R0, for all p ∈ ΣD′j0
∩Dj0.
Let us onsider a dereasing sequene of positive real numbers ηk suh that∑
k≥1 ηk ≤ 1/2 and denote Rk = R0 + k. Let us also all D
0
1 = D
′
j0
, D02 = Dj0,
F0 = (1/n)F and Σ
′ = Σ\int(∪j 6=j0D
′
j). Our rst goal is to prove that there exist two
sequenes of losed disks Dk1 , D
k
2 and a sequene of harmoni maps Fk : ΣDk1 −→ R
2
satisfying
(p1) Dk2 < D
k+1
2 < D
k+1
1 < D
k
1 .
5
(p2) |Fk+1(p)− Fk(p)| < δ ηk+1, for all p ∈ Σ
′
Dk
2
.
(p3) Rk+1 − ηk+1 < |Fk+1(p)| < Rk+1, for any p ∈ Σ
′
Dk+1
1
∩Dk+12 .
(p4) Rk − ηk − ηk+1 < |Fk+1(p)|, for eah p ∈ Σ
′
Dk+1
1
∩Dk2 .
Using Lemma 1 for the Riemann surfae Σ, the ompat domain ∪j 6=j0D
′
j and
the harmoni map F0, we have the existene of a losed disk D
1
1 suh that
• D02 < D
1
1 < D
0
1.
• |F1(p)− F0(p)| < δ η1, for all p ∈ Σ
′
D0
2
.
• (R0 + 1)− η1 < |F1(p)| < R0 + 1, for any p ∈ ∂D
1
1.
Thus, from the last inequality, one gets the existene of a losed disk D12 suh that
D02 < D
1
2 < D
1
1 and
(R + 1)− η1 < |F1(p)| < R + 1, for any p ∈ Σ
′
D1
1
∩D12.
Therefore, the properties (p1),(p2) and (p3) are satised. Observe that the property
(p4) has no sense for this rst step.
Now, let us assume the sequenes Dk1 , D
k
2 , Fk are well dened until k = m and
satisfy properties (p1)(p4). Then we dene the following elements of the sequenes
for k = m+1 as follows. Note that property (p4) will not be used in the onstrution
of the remaining terms of the sequene.
Using again Lemma 1 and bearing in mind that (p3) is satised for k = m, we
obtain the existene of a losed disk Dm+11 suh that
• Dm2 < D
m+1
1 < D
m
1 .
• |Fm+1(p)− Fm(p)| < δ ηm+1, for all p ∈ Σ
′
Dm
2
.
• Rm+1 − ηm+1 < |Fm+1(p)| < Rm+1, for any p ∈ ∂D
m+1
1 .
• (Rm − ηm)− ηm+1 < |Fm+1(p)|, for eah p ∈ Σ
′
Dm+1
1
∩Dm2 .
So, sine Dm2 < D
m+1
1 and from the inequality satised for the points in ∂D
m+1
1 , one
obtains the existene of a losed disk Dm+12 suh that D
m
2 < D
m+1
2 < D
m+1
1 and
Rm+1 − ηm+1 < |Fm+1(p)| < Rm+1, for any p ∈ Σ
′
Dm+1
1
∩Dm+12 .
Hene, the properties (p1)(p4) are also satised for k = m+ 1.
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Let us now dene the desired harmoni map ϕj0. For that, we rst dene Ωj0 =
∪k≥0Σ
′\Dk2 . Observe that Σ
′\Dk2 ⊆ Σ
′\Dk+12 and int(D
k
2)\D
k+1
2 is an open annulus.
So, an elementary topologial argument gives us Ωj0 ∩ int(D
0
2) is an open annulus.
In addition, let us see that for any ompat set K ⊆ Ωj0 we have that Fk|K is a
Cauhy sequene of harmoni maps. In suh a ase, the limit map ϕj0 is harmoni
and well dened in Ωj0 .
Thus, let us x the ompat set K ⊆ Ωj0. Then, there exists a non-negative
entire number k0 suh that K ⊆ Σ
′
D
k0
2
. Hene, using (p2), for k1 > k2 ≥ k0
|Fk1(p)− Fk2(p)| < δ
k1∑
j=k2+1
ηj , for all p ∈ K, (4)
and, so, Fk|K is a Cauhy sequene sine
∑
j≥1 ηj ≤ 1/2 <∞.
Taking limits in (4), we also obtain that (3) is satised, sine if p ∈ Σ′
D0
2
then
|F0(p)− ϕj0(p)| ≤ δ
∑
k≥1
ηk < δ.
Finally, we prove that ϕj0 is proper. Let m be a positive entire and onsider a
point p ∈ Σ′
Dm+1
2
∩Dm2 , then from (4) and (p4) one has
|ϕj0(p)− Fm+1(p)| ≤ δ
∑
k≥m+2
ηk < δ,
|Fm+1(p)| > Rm − ηm − ηm+1 > Rm − 1 = R0 +m− 1.
And so |ϕj0(p)| > m+ (R0 − δ − 1).
In partiular, if q ∈ Ωj0∩D
m
2 then there existsm
′ ≥ m suh that q ∈ Σ′
Dm
′+1
2
∩Dm
′
2 .
Thereby,
|ϕj0(q)| > m+ (R0 − δ − 1), for all q ∈ Ωj0 ∩D
m
2 .
Hene, for any real number N > 0 there exists a positive entire m suh that the
set {q ∈ Ωj0 : |ϕj0(q)| ≤ N} is ontained in the ompat set Σ
′
Dm
2
. Therefore, ϕj0 is
proper as we wanted to show. 
When we onsider Σ as the Riemann sphere in Theorem 1, and remove only
one losed disk, we get proper harmoni maps from a hyperboli simply onneted
domain Ω into R2. Thus, Ω must be onformal to the unit disk, obtaining proper
harmoni maps from the unit disk into the Eulidean plane.
Remark 1. In general, the proper harmoni maps given by Theorem 1 ould be
non-surjetive. However, though we shall not worry about this problem, following
the Proof of Lemma 1, it is always possible to nd a proper harmoni map ϕ given
by Theorem 1 whih is onto.
7
It is important to note that in Theorem 1 we ontrol the topologial type of the
domain Ω where the harmoni map is dened. However, we annot x the onformal
type in general. But, this an be done when we start with a domain in the Riemann
sphere.
So, as an immediate onsequene of the previous Theorem, we prove that if Ω
is an n-onneted domain in C, then there exist proper harmoni maps from Ω into
R
2
.
Proof of Corollary 1. Let Ω be an n-onneted domain in C.
If C\Ω is a nite number of points, the result is obvious. Otherwise, Ω is onfor-
mal to a bounded domain whose boundary is made by a nite number of pairwise
disjoint irles C1, . . . , Ck and a nite number of points pk+1, . . . , pn.
Let Dj be the losed disk in the Riemann sphere C := C ∪ {∞}, suh that Dj
does not interset Ω and whose boundary is Cj . Sine, C\Dj is onformal to the
unit disk, using Theorem 1, there exists a proper harmoni map ϕj : C\Dj −→ R
2
.
In addition, for the points pj we take ϕj as a holomorphi funtion from C\{pj}
with a pole at pj .
Thus, it is easy to see that the new harmoni map ϕ =
∑n
j=1 ϕj : Ω −→ R
2
is
proper. 
On the other hand, observe from (2) that every harmoni map dened on a Rie-
mann surfae minus n open disks into R2 an be approximated by proper harmoni
maps in every ompat set ontained in the interior of the domain. That is, we have
really showed the following density result.
Corollary 2. Let Σ be a Riemann surfae and D1, . . . , Dn a family of pairwise dis-
joint losed topologial disks of Σ. Consider a harmoni map F : Σ\∪nj=1int(Dj) −→
R
2
. Then for any ompat set K ⊆ Σ\ ∪nj=1 Dj and δ0 > 0, there exist a hyperboli
domain Ω ⊆ Σ ontaining K and a proper harmoni map ϕ : Ω −→ R2 suh that
|ϕ(p)− F (p)| < δ0, for all p ∈ K.
Notie Shoen and Yau related their onjeture with the problem of non-existene
of a hyperboli minimal surfae in R
3
whih properly projets into a plane [SY℄.
However, sine there exist proper harmoni maps from hyperboli Riemann surfaes,
the problem of nding suh a hyperboli minimal surfae remains open.
Moreover, Shoen and Yau proved that there is no harmoni dieomorphism
from the unit disk onto a omplete surfae with non-negative Gauss urvature [SY℄,
extending the result of Heinz for the Eulidean plane [H℄. To this respet, it would be
interesting to study the existene of proper harmoni maps from hyperboli Riemann
surfaes into a omplete surfae with non-negative Gauss urvature.
8
Finally, it should be also mentioned that other Piard type problems for har-
moni dieomorphisms from the omplex plane on Hadamard surfaes have been
reently studied [CR℄, [GR℄, though the used tehniques in that ontext are om-
pletely dierent.
4 Proof of Lemma 1.
We x a real number ε0 > 0 whih satises some inequalities in terms of the initial
data r, R, ε1, ε3 and whose dependene will be made lear along this proof.
We take a losed disk D3 on Σ suh that D2 < D3 < D1 and a set of points
{p1, . . . , pn} in the open set int(ΣD3)\ΣD2 satisfying:
(a1) There exists a losed disk D4 suh that {p1, . . . , pn} ⊆ ∂D4 with D2 < D4 <
D3. Moreover, we an assume these points are ordered along the irle ∂D4.
(a2) There exist open disks Bj ⊆ int(ΣD3)\ΣD2 suh that pj , pj+1 ∈ Bj and
|F (p)− F (q)| < ε0, for eah p, q ∈ Bj .
Here and from now on, we shall suppose pn+1 = p1.
(a3) The well oriented orthonormal basis Sj = {
F (pj)
|F (pj)|
, i
F (pj)
|F (pj)|
} satisfy
∣∣∣∣ F (pj)|F (pj)| − F (pj+1)|F (pj+1)|
∣∣∣∣ < ε03(R− r) , j = 1, . . . , n.
Observe that these points an be hosen by ontinuity of F in the ompat set
ΣD1 .
Now, let us take a Riemannian metri 〈, 〉 on Σ whih is ompatible with the
onformal struture and onsider a real number δ > 0 suh that:
• D5 = D4 ∪
(
∪nj=1D(pj, δ)
)
is a topologial losed disk. Here, D(p, δ) denotes
the losed geodesi disk enter at p and radius δ for the metri 〈, 〉.
• D(pj, δ) ∪D(pj+1, δ) ⊆ Bj , for all j = 1, . . . , n.
• D(pj, δ) ∩D(pk, δ) is empty for any j 6= k.
• F(1,Sj)(p) > r for eah p ∈ D(pj, δ).
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Let ζ̂j : ΣD1\{pj} −→ C be a holomorphi funtion with a simple pole at pj.
Its existene is lear if Σ is a topologial sphere and assured by the Noether gap
Theorem when the genus of Σ is positive.
Up to multipliation of ζ̂j by a omplex number, if neessary, there exist a point
qj ∈ ∂D(pj , δ) ∩ int(ΣD4) and a simple urve βj : [0, 1] −→ D(pj , δ) suh that
• βj(0) = qj and βj(1) = pj.
• βj(]0, 1]) ⊆ intD(pj , δ).
• ζ̂j(βj(t)) is a positive real number for all t ∈ [0, 1[.
• limt→1 ζ̂j(βj(t)) =∞.
Let us denote by Kj to the ompat set ΣD1\int(D(pj , δ)) and by ζj to the real
part of ζ̂j . Then, we an hose κ > 0 small enough in order to satisfy
κ max{|ζj(p)| : p ∈ Kj} < min
{ε0
n
, 3 (R− r)
}
, j = 1, . . . , n. (5)
And we all aj = βj(tj) where
tj = min{t ∈]0, 1[: κ ζ̂j(βj(t)) = κ ζj(βj(t)) = 3(R− r)}.
Now, we onstrut a family of harmoni maps hj : Uj −→ R
2
, where Uj =
ΣD1\{p1, . . . , pj}. These harmoni maps are dened as follows
• h0 = F .
• In the basis Sj we have
hj (1,Sj) = hj−1(1,Sj) + κ ζj, hj(2,Sj) = hj−1(2,Sj).
Lemma 2. These new harmoni maps satisfy the following properties
(b1) |hj(p)− hj−1(p)| < ε0/n, for any p ∈ Uj\int(D(pj , δ)).
(b2) |hj(aj)− hj−1(aj−1)| < 4 ε0.
(b3) |hn(aj)− hn(aj+1)| < 6 ε0.
(b4) |hn(aj)| > 2R− r.
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Proof. In order to obtain the inequality (b1), we have from (5)
|hj(p)− hj−1(p)| = |κ ζj(p)| < ε0/n.
Let us write Sj = {e
j
1, e
j
2}, that is, e
j
1 = F (pj)/|F (pj)| and e
j
2 = i F (pj)/|F (pj)|,
then one has for j ≥ 2
|hj(aj)− hj−1(aj−1)| = |hj−1(aj) + κ ζj(aj)e
j
1 − hj−2(aj−1)− κ ζj−1(aj−1)e
j−1
1 |
≤ |hj−1(aj)− F (aj)|+ |F (aj)− F (aj−1)|
+|F (aj−1)− hj−2(aj−1)|+ 3(R− r)|e
j
1 − e
j−1
1 |.
In addition, from (b1), |hj−1(aj)−F (aj)| and |hj−2(aj−1)−F (aj−1)| are less than
ε0. On the other hand, using (a2), |F (aj) − F (aj−1)| < ε0 sine aj−1, aj ∈ Bj−1.
Hene, from (a3), the inequality (b2) is proved.
In order to obtain (b3) we observe
|hn(aj)− hn(aj+1)| ≤ |hn(aj)− hj(aj)|+ |hj(aj)− hj+1(aj+1)|
+|hj+1(aj+1)− hn(aj+1)| < ε0 + 4ε0 + ε0 = 6ε0,
where we have used (b1) and (b2).
Moreover, from (b1),
|hn(aj)| > |hj(aj)| − ε0
=
√(
hj−1(1,Sj)(aj) + κ ζj(aj)
)2
+ hj−1(2,Sj)(aj)
2 − ε0
≥ |hj−1(1,Sj)(aj) + 3(R− r)| − ε0,
sine κ ζj(aj) = 3(R− r).
We also have from (a2) and (b1)
|hj−1(1,Sj)(aj)− F(1,Sj)(pj)| ≤ |hj−1(aj)− F (pj)|
≤ |hj−1(aj)− F (aj)|+ |F (aj)− F (pj)| < 2ε0.
As F(1,Sj)(pj) = |F (pj)| > r by hypothesis, then hj−1(1,Sj)(aj) > r − 2ε0 and so
|hn(aj)| > 3R− 2r − 3ε0 > 2R− r.
Here, we use that ε0 an be initially hosen with R− r − 3ε0 > 0.
Let C˜j be a simple regular urve ontained in int(D(pj , δ)) whih is transversal
to βj([0, 1]) at aj . Consider a small losed onneted neighborhood Cj of the urve
C˜j at the point aj, suh that eah onneted omponent of Cj\{aj} lies in one side
of βj([0, 1]). Moreover, Cj is hosen small enough in order to satisfy
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(b5) |hj(p)− hj(aj)| < ε0 for all p ∈ Cj.
Consider a topologial losed stripGj ontained inD(pj, δ) suh that βj(]0, tj[) ⊆
int(Gj), and bounded by Cj , ∂D(pj , δ) and two losed simple urves lying at eah
side of βj([0, tj ]) and joining a point of ∂D(pj , δ) with a point of Cj (see Figure 1).
In addition, we take Gj small enough suh that
(b6) |hj(p)− hj−1(p)− k ζj(p)e
j
1| < ε0 for all p ∈ Gj .
(b7) 0 < k ζj(p) < 3(R− r) + ε0 for eah p ∈ Gj.
Note that Gj an be hosen in order to satisfy these two properties. For (b6), it is
suient to observe that hj(p) = hj−1(p) + k ζj(p)e
j
1 for any point p on βj([0, 1[).
And (b7) is a onsequene of the denition of aj and ζj.
Now, we onsider the ompat set
K =
(
ΣD4\ ∪
n
j=1 int(D(pj , δ))
)
∪
(
∪nj=1Gj
)
and D6 the losed disk Σ\intK. That is, K = ΣD6 .
For this new set we observe that
• βj([0, tj]) ⊆ ΣD6 ,
• D2 < D6,
• the harmoni maps hj are well dened in ΣD6 ,
• ΣD6 ∩ int(D(pj , δ)) ⊆ Gj ⊆ ΣD6 ∩D(pj, δ).
Finally, we take a losed disk D7 suh that D6 < D7 and the harmoni maps hj
are well dened in ΣD7 .
Until now, we have deformed the initial harmoni map F obtaining a new har-
moni map hn. These harmoni maps are lose in the ompat domain ΣD2 (prop-
erty (b1)). And the norm of hn is bigger than 2R − r > R for the family of points
a1, . . . , an (property (b4)). Thus, we have obtained a harmoni map whih satises
part of the onditions of Lemma 1, but only near the points aj .
Our goal is to deform hn in order to obtain the harmoni map whih proves the
Lemma. For that, we shall onstrut, from hn, a sequene of n harmoni maps.
Eah harmoni map will be lose to the previous one in a large ompat domain
and only modied along a neighborhood of a urve joining aj−1 and aj . The last
harmoni map of this sequene will be the one whih solves Lemma 1.
Let us denote by Qj the onneted omponent of ∂D6\(Cj ∪ Cj+1) whih does
not interset Ck for all k 6= j, j + 1. These losed urves satisfy (see Figure 1)
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Figure 1.
• Qj ∩Qk is empty for eah j 6= k,
• Qj ⊆ Bj,
• Qj ∩D(pk, δ) is empty for eah k 6= j, j + 1,
• ∂D6 =
(
∪nj=1Qj
)
∪
(
∪nj=1Cj
)
.
Consider an open neighborhood Ĉj of Cj suh that
|hn(p)− hn(aj)| < 3 ε0, for all p ∈ Ĉj ∩ ΣD5 . (6)
This an be done by ontinuity, beause for any p ∈ Cj
|hn(p)− hn(aj)| ≤ |hn(p)− hj(p)|+ |hj(p)− hj(aj)|+ |hj(aj)− hn(aj)| < 3 ε0,
where we have used (b1) and (b5).
We also onsider the neighborhoods of Qj
Qj(L) = {p ∈ ΣD1 : dist(p,Qj) ≤ L},
and x L0 > 0 small enough in order to satisfy similar properties to Qj , that is,
• Qj(L0) ∩Qk(L0) is empty for any j 6= k,
• Qj(L0) ⊆ Bj ∩ int(ΣD7),
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• Qj(L0) ∩D(pk, δ) is empty for eah k 6= j, j + 1.
We are now ready to dene a sequene of harmoni maps gj : Σ\D7 −→ R
2
,
j = 0, . . . , n. For that, we hoose some basis whih will indiate the diretion of the
deformation. So, let Sj = {e
1
j , e
2
j}, with
e2j =
hn(aj)
|hn(aj)|
, e1j = −i e
2
j .
Let g0 = hn and let us dene gj from gj−1 as follows. Let
τj = 2R− r −min
{
gj−1(1,Sj)(p) : p ∈ Qj
}
.
By Royden's Theorem [R, Theorem 10℄, there exists a holomorphi funtion ξ̂j :
ΣD7 −→ C suh that
• |ξ̂j(p)| < ε0/n, for any p ∈ ΣD6\int(Qj(L0)),
• |ξ̂j(p)− τj | < ε0/n, for all p ∈ Qj(L0/2).
If we take the harmoni funtion ξj : ΣD7 −→ R given by the real part of ξ̂j, then
• |ξj(p)| < ε0/n, for any p ∈ ΣD6\int(Qj(L0)),
• |ξj(p)− τj | < ε0/n, for all p ∈ Qj(L0/2).
Thus, we dene
gj(1,Sj) = gj−1(1,Sj) + ξj, gj(2,Sj) = gj−1(2,Sj).
The harmoni maps gj satisfy the following properties
(1) |gj(p)− gj−1(p)| < ε0/n, for any p ∈ ΣD6\int(Qj(L0)).
(2) |gj(p)− gj−1(p)− τj e
j
1| = |ξj(p)− τj | < ε0/n, for all p ∈ Qj(L0/2).
Finally, we dene the harmoni map G : ΣD6 −→ R
2
as G = gn. Therefore,
Lemma 1 will be a onsequene of the next result by shrinking the domain ΣD6 .
Lemma 3. The harmoni map G satises
1. |F (p)−G(p)| < ε1, for all p ∈ ΣD2,
2. |G(p)| > R, for any p ∈ ∂D6,
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3. |G(p)| > r − ε3, for eah p ∈ ΣD6 ∩D2.
Proof. The rst inequality is a onsequene of (b1) and (1), sine if p ∈ ΣD2
|F (p)−G(p)| ≤ |gn(p)− g0(p)|+ |hn(p)− h0(p)| < 2 ε0,
where we an hoose initially ε0 < ε1/2.
In order to prove the seond inequality, we distinguish four ases:
(i) Let p ∈ Ĉj ∩Qj(L0). Using (1), (6) and (b4), one gets
|G(p)| = |gn(p)| > |gj(p)| − ε0 ≥ |gj(2,Sj)(p)| − ε0 = |gj−1(2,Sj)(p)| − ε0
≥ |g0(2,Sj)(p)| − 2ε0 = |hn(2,Sj)(p)| − 2ε0 > |hn(2,Sj)(aj)| − 5ε0
= |hn(aj)| − 5ε0 > 2R− r − 5ε0 > R.
Where ε0 initially satises R− r − 5ε0 > 0.
(ii) Let p ∈ Ĉj ∩Qj−1(L0). Reasoning as in the previous ase and using (b3)
|G(p)| > |hn(2,Sj−1)(aj)| − 5ε0 > |hn(2,Sj−1)(aj−1)| − 11ε0 = |hn(aj−1)| − 11ε0
> 2R− r − 11ε0 > R,
with R− r − 11ε0 > 0 a priori.
(iii) Let p ∈ Ĉj\ (∪
n
k=1Qk(L0)). From (1) and (6), one obtains
|G(p)| > |g0(p)| − ε0 = |hn(p)| − ε0 > |hn(aj)| − 4ε0 > 2R− r − 4ε0 > R.
(iv) Let p ∈ Qj\
(
∪nk=1Ĉk
)
. Then, from (1) and (2)
|G(p)| > |gj(p)| − ε0 ≥ |gj(1,Sj)(p)| − ε0 > |gj−1(1,Sj)(p) + τj | − 2ε0
≥ gj−1(1,Sj)(p) + τj − 2ε0 ≥ 2R− r − 2ε0 > R.
Finally, we prove the third inequality, that is, |G(p)| > r− ε3. For that, we need
to distinguish ve dierent ases, depending on the region of ΣD6 where p is loated.
(i) Let p 6∈
(
∪nj=1D(pj, δ)
)
∪
(
∪nj=1Qj(L0)
)
. Using (1) and (b1)
|G(p)| > |hn(p)| − ε0 > |F (p)| − 2ε0 > r − 2ε0 > r − ε3,
where initially ε0 < ε3/2.
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(ii) Let p ∈ D(pj, δ)\ (∪
n
k=1Qk(L0)). In this ase we shall use (1), (b1), (b6), (a2),
(b7) and ε0 is hosen less than ε3/5
|G(p)| > |hn(p)| − ε0 > |hj(p)| − 2ε0 > |hj−1(p) + κ ζj(p)e
j
1| − 3ε0
≥ |hj−1(1,Sj)(p) + κ ζj(p)| − 3ε0 > |F(1,Sj)(p) + κ ζj(p)| − 4ε0
≥ |F(1,Sj)(pj) + κ ζj(p)| − 5ε0 = ||F (pj)|+ κ ζj(p)| − 5ε0
> r − 5ε0 > r − ε3.
(iii) Let p ∈ int(D(pj , δ)) ∩Qj(L0). First, we observe
|hn(aj)− (F (pj) + 3(R− r)e
j
1)| ≤ |hn(aj)− hj(aj)|+ |F (aj)− F (pj)|
+ |hj(aj)− F (aj)− 3(R− r)e
j
1| < 3ε0,
where we have used that hj(aj) = hj−1(aj) + 3(R− r)e
j
1, and the formulas (a2) and
(b1).
In addition, we have |hn(aj)| > 2R− r > R from (b4), and |F (pj)|+ 3(R− r) >
3R− 2r > R.
Hene, as F (pj) + 3(R− r)e
j
1 = (|F (pj)|+ 3(R− r))e
j
1, one has
∣∣ej2 − ej1∣∣ =
∣∣∣∣ hn(aj)|hn(aj)| − ej1
∣∣∣∣ < 6ε0min
{
1
|hn(aj)|
,
1
|F (pj)|+ 3(R− r)
}
<
6ε0
R
.
(7)
Now, for the point p, we get
|G(p)| > |gj(p)| − ε0 ≥ |gj(2,Sj)(p)| − ε0 > |hn(2,Sj)(p)| − 2ε0
> |hj(2,Sj)(p)| − 3ε0 = |〈hj(p), e
j
2〉| − 3ε0
= |〈hj(p), e
j
1〉+ 〈hj(p), e
j
2 − e
j
1〉| − 3ε0
≥ |hj(1,Sj)(p)| − |〈hj(p), e
j
2 − e
j
1〉| − 3ε0 > |hj(1,Sj)(p)| −
6ε0
R
|hj(p)| − 3ε0,
where we have used (1) and (b1) again.
So, we estimate |hj (1,Sj)(p)| and |hj(p)|,
|hj (1,Sj)(p)| = |hj−1(1,Sj)(p) + κ ζj(p)| > |F(1,Sj)(p) + κ ζj(p)| − ε0
> |F(1,Sj)(pj) + κ ζj(p)| − 2ε0 = ||F(1,Sj)(pj)|+ κ ζj(p)| − 2ε0
> |F (pj)| − 2ε0 > r − 2ε0.
Here, we used (b1), (a2) and (b7).
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Moreover,
|hj(p)| ≤ |hj−1(p)|+ κ|ζj(p)|+ ε0 < |F (p)|+ 3(R− r) + 2ε0 < 4R− 3r + 2ε0,
from (b6), (b1) and (b7).
Therefore,
|G(p)| > (r − 2ε0)−
6ε0
R
(4R− 3r + 2ε0)− 3ε0 > r − ε3.
Again, we have initially taken ε0 small enough in terms of R, r and ε3.
(iv) Let p ∈ int(D(pj+1, δ)) ∩ Qj(L0). This ase is analogous to the previous one,
bearing in mind
|ej2 − e
j+1
1 | ≤ |e
j
2 − e
j
1|+ |e
j
1 − e
j+1
1 | <
6ε0
R
+
ε0
3(R− r)
.
The last inequality is a onsequene of (7) and (a3).
(v) Let p ∈ Qj(L0)\ (∪
n
k=1int(D(pk, δ))). From (1), (b1), (7) and (a2), one obtains
|G(p)| > |gj(p)| − ε0 ≥ |gj(2,Sj)(p)| − ε0 = |gj−1(2,Sj)(p)| − ε0
> |hn(2,Sj)(p)| − 2ε0 > |F(2,Sj)(p)| − 3ε0 > |F(1,Sj)(p)| − 3ε0 −
6ε0
R
> |F(1,Sj)(pj)| − 4ε0 −
6ε0
R
> r − 4ε0 −
6ε0
R
> r − ε3.
This nishes Lemma 3 and also proves Lemma 1.
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